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Motivation

Applications Areas

Google’s PageRank Algorithm: Determine the importance of web pages based on link structures.
Principal Component Analysis: In data science and machine learning for dimensional reduction.

Electrical Engineering: RLC circuit, Resistance (R), Inductor () and condenser (C)
Markov process
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Figure 2: PCA for Dimension Reduction

https://www.ams.org/publicoutreach/feature-column/fcarc-pagerank



Example

]
El vector x = [2:| es un eigenvector de

=
e

correspondiente al eigenvalor A = 3, debido a que
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Intuition

Ax = Ax

* Itworks like a function, i.e., x is the input and Ax is the output

Goal

* The eigenvectors are vectors parallel to x

e Howdowe find x and A?

X
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Figura 6.1 (a) Dilatacion, A > 1. (b) Contraccion, 0 < A < 1. (¢) Inversion de la direc-
cion, A < 0.




Compute eigenvalues and eigenvectors

To solve the eigenvalue problem for an n by n matrix, follow these steps:

1. Compute the determinant of A—Al . With A
subtracted along the diagonal, this determinant
starts with A™ or —A™. It is a polynomial in A of
degree n.

2. Find the roots of this polynomial, by solving det(4 —
Al)=0. The n roots are the n eigenvalues of A. They
make A — Al singular.

3. For each eigenvalue A, solve (A — AI)x=0 to find and
eigenvector x.



Example (part 1)

4 2
S B det(A — AT)

Y- %=t L) me-ne-n-.

=12—41 — 31+ A2 -6
=12 -7+ 6 Polynomial Characteristic

=(A-6)(A-1)

A=6 A1=1 Eigenvalues of the matrix



Example (part 2)

det(A — A)x

[ 5 ST G [ o

3x1 + 2x2= O
3x1 + 2x,=0
3x1 - —2x2
Xl - 2

XZ — —3

[g ;] [_23]= 0 Eigenvector of the rr;atrix



Example (part 3)

det(A — Al)x
[ R [ R A X
—2x1 + 2x,=0
3x1 — 3x2= 0
~2x; = —2x,
3X1 = 3x2
x; =1
x, =1

l_32 _23] H]= 0 Eigenvector of the matrix
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Introduction

Principal component analysis (PCA) is a technique for data dimensionality reduction by computing
the covariance structure of a set of variables.

Goal

* Toidentify the principal direction in which the data varies X = ARy —my
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Figure 2: PCA for Dimension Reduction

« Asetoffaces * Multispectralimages * Plot that show dimensionality
reduction




Mathematical Model

Given a n-dimensional vector, where x € R"

Xl L Spectral band 6
X .X'l E ]:R Spectral band 5
X= .2 ' 7 Spectral band 4
. n= 6 ‘ x Spectral band 3
X,]  Listhe number of pixels per image pectrlband®

Spectral band 1

Note that all vectors are column vectors (i.e, matrices of ordernx 1.)
To compute the PCA, we must compute the mean vectors and covariance matrices.
The mean vector of the population is defined as

m, = E{X}
Note:
1. E{X}isthe expected value of X
2. The subscriptdenotes that m is associated with the population of X vectors.
3. The expected value of vectors and matrices is the expected value of each element



Computing the covariance matrix

The covariance matrix of the vector population is defined as
C= {(X —my) (X —m)"}
Because x is n dimensional, C4 is an n x n matrix, where T indicates transpose.
Note:
1. Elementc;; of Cy is the variance of x; the i** component of the x vectors in the population
2. andelementc;; of C4 is the covariance between elements x; and x; of these vectors.

3. Because Cy is real and symmetric, finding a set of n orthonormal eigenvectors is always possible.
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Hotelling transform

e Lete;and A;,i =1,2,...,n,bethe eigenvectors and the corresponding eigenvalues of Cy
* By definition, the eigenvector and eigenvalues of an n x n matrix C satisfy the equation Ce;= 1; e;

 Let A be a matrix whose rows are formed from the eigenvectors of C4 arranged in descending
value of their eigenvalues, so that the first row of A is the eigenvector corresponding to the largest
eigenvalue.

 Suppose that we use A as a transformation matrix to map the x’s into vectors denoted by y’s, as
follows:

y= A(X - mx)
Note

Reconstruction property: Because the rows of A are orthonormal vectors, it follows that A~1= AT,
and any vector X can be recovered from its corresponding y
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Reconstruction property (PCA)

Because the rows of A are orthonormal vectors, it follows that A== AT, and any vector X can be
recovered from its corresponding y

x =ATy —m,
But, suppose that, instead of using all the eigenvectors of C4, we form a matrix A, from k largest

eigenvectors corresponding to the k largest eigenvalues, yielding a transformation matrix of order
k Xn.The y vectors would then be exact

X = Ag'cy — My
Then the mean square error between x and X is given by the expression

Cms™ j= 1/1 /1 Z] k+1
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PCA matlab code (

co~JOoO U A WNE

1)

clear all;
close all;

clc;

N = 564;

L =6;

X = zeros(N,N,L);
x = zeros(L,NxN);
m = zeros(L,1);

X(:,:,1)= imread("WashingtonDC_a.

X(:,:,2)= imread("WashingtonDC_b.
X(:,:,3)= imread("WashingtonDC_c.
X(:,:,4)= imread("WashingtonDC_d.
X(:,:,5)= imread("WashingtonDC_e.
X(:,:,6)= imread("WashingtonDC_f.
for 1=1:L

temp = X(:,:,1);

x(1,:) = temp(:);

m(1) = mean(temp(:));
end

tif");
tif");
tif");
tif");
tif");
tif");
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PCA matlab code (2)

22 C = 1/(NN)*((x — m)*x(x — m)*');

23 [v,D] = eig(C);

24 [E,I]1=sort(diag(D), 'descend');

25 A=V(:,1)';

26

27 y = Ax(x-m);

28

29 AxCxA' ;|

30

31 figure(1)

32 colormap('gray')

33 title("Principal Components")

34 for 1=1:L

35 Y(:,:,1) = reshape(y(1,:),IN,N]);
36 subplot(2,3,1),imagesc(Y(:,:,1))
37 end

38

39

40

41 k = 2;

42 xhat = A(1:k,:)'*xy(1l:k,:) + m;

43

44 figure(2)

45 title("Projection using k components")
46 colormap('gray')

47 for 1=1:L

48 Xhat(:,:,1) = reshape(xhat(1,:),[N,N]);
49 subplot(2,3,1), imagesc(Xhat(:,:,1))

50

end
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PCA example:1

6 Multispectralimages

abec
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FIGURE 11.38 Multispectral images in the (a) visible blue, (b) visible green, (c) visible red, (d) near infrared, (¢) middle
infrared, and (f) thermal infrared bands. (Images courtesy of NASA.) 18




PCA example

Principal components:

y=A(X—m,)

abec
dl (el iE

FIGURE 11.40 The six principal component images obtained from vectors computed using Eq. (11-49). Vectors are
converted to images by applying Fig. 11.39 in reverse.
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Thanks for your attention!
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