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Agenda 
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Motivation
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1. Google’s PageRank Algorithm: Determine the importance of web pages based on link structures.
2. Principal Component Analysis: In data science and machine learning for dimensional reduction.
3. Electrical Engineering: RLC circuit, Resistance (R), Inductor (I) and condenser (C)
4. Markov process

Applications Areas

https://www.ams.org/publicoutreach/feature-column/fcarc-pagerank



Example
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Intuition 
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• It works like a function, i.e., 𝑥 is the input and A𝑥 is the output
• The eigenvectors are vectors parallel to x
• How do we find 𝑥 and 𝜆?

Goal 
A𝑥 = 𝜆𝑥



Compute eigenvalues and eigenvectors

To solve the eigenvalue problem for an n by n matrix, follow these steps:
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1. Compute the determinant of 𝐴 − 𝜆𝐼 . With 𝜆
subtracted along the diagonal, this determinant
starts with 𝜆𝑛 or −𝜆𝑛. It is a polynomial in 𝜆 of
degree 𝑛.

2. Find the roots of this polynomial, by solving det(𝐴 −
𝜆𝐼)=0. The 𝑛 roots are the 𝑛 eigenvalues of 𝐴. They
make 𝐴 − 𝜆𝐼 singular.

3. For each eigenvalue 𝜆, solve (𝐴 − 𝜆𝐼)x=0 to find and
eigenvector x.



Example (part 1)
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A = 4 2
3 3

det(𝐀 − λ𝐈)

4 2
3 3

−
λ 0
0 λ

=
4 − λ 2

3 3 − λ
 = (4 − λ)(3 − λ) - 6

= 12 − 4𝜆 − 3𝜆 + 𝜆2 − 6

= 𝜆2 − 7𝜆 + 6

= (𝜆 − 6)(𝜆 − 1)

𝜆 = 6 𝜆 = 1

Polynomial Characteristic 

Eigenvalues of the matrix



Example (part 2)
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det(𝐀 − λ𝐈)x

4 2
3 3

−  1 1 0
0 1

𝑥1

𝑥2
= 0

3 2
3 2

𝑥1

𝑥2
= 0

3𝑥1 + 2𝑥2= 0
3𝑥1 + 2𝑥2= 0

3𝑥1 = −2𝑥2

𝑥1 = 2
𝑥2 = −3

3 2
3 2

2
−3

= 0 Eigenvector of the matrix



Example (part 3)
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det(𝐀 − λ𝐈)x

4 2
3 3

−  6 1 0
0 1

𝑥1

𝑥2
= 0 −2 2

3 −3

𝑥1

𝑥2
= 0

−2𝑥1 + 2𝑥2= 0
3𝑥1 − 3𝑥2= 0

−2𝑥1 = −2𝑥2

𝑥1 = 1

𝑥2 = 1

3𝑥1 = 3𝑥2

−2 2
3 −3

1
1

= 0 Eigenvector of the matrix



Application 1:
Multispectral images  
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Introduction 

• Multispectral images

Principal component analysis (PCA) is a technique for data dimensionality reduction by computing 
the covariance structure of a set of variables.

• A set of faces 
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• Plot that show dimensionality 
reduction

• To identify the principal direction in which the data varies 

Goal 

ො𝐱 = 𝐀𝒌
𝑻 𝐲 − 𝐦𝐱



Mathematical Model 
Given a n-dimensional vector, where 𝑥 ∈ ℝ𝑛  
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X=

x1

x2

⋮
x𝑛

Note that all vectors are column vectors (i.e, matrices of order n x 1.)

To compute the PCA, we must compute the mean vectors and covariance matrices.  

The mean vector of the population is defined as

𝐦𝐱 = 𝐸 𝐗
Note: 
1. 𝐸 𝐗 is the expected value of 𝐗
2. The subscript denotes that 𝐦 is associated with the population of 𝐗 vectors.
3. The expected value of vectors and matrices is the expected value of each element

n=6
L is the number of pixels per image

𝑥𝑖 ∈ ℝ𝐿



Computing the covariance matrix
The covariance matrix of the vector population is defined as
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𝐂𝐱=1

𝐿
(X − 𝒎𝐱) (X − 𝒎𝐱)𝑇

Because 𝐱 is n dimensional, 𝐂𝐱 is an n x n matrix, where T indicates transpose. 

Note:

1. Element 𝑐𝑖𝑖 of 𝐂𝐱 is the variance of 𝑥𝑖 the 𝑖𝑡ℎ component of the 𝐱 vectors in the population

2. and element 𝑐𝑖𝑗 of 𝐂𝐱 is the covariance between elements 𝑥𝑖 and 𝑥𝑗 of these vectors.

3. Because 𝐂𝐱 is real and symmetric, finding a set of n orthonormal eigenvectors is always possible.



Hotelling transform

• Let 𝐞𝑖 and 𝜆𝑖, 𝑖 = 1,2, … , 𝑛, be the eigenvectors and the corresponding eigenvalues of 𝐂𝐱

• By definition, the eigenvector and eigenvalues of an n x n matrix 𝐂 satisfy the equation 𝐂𝐞𝑖= 𝜆𝑖 𝐞𝑖

• Let 𝐀 be a matrix whose rows are formed from the eigenvectors of 𝐂𝐱 arranged in descending
value of their eigenvalues, so that the first row of 𝐀 is the eigenvector corresponding to the largest
eigenvalue.

• Suppose that we use 𝐀 as a transformation matrix to map the x’s into vectors denoted by y’s, as
follows:

𝐲 = 𝐀(X − 𝐦𝐱)
Note

Reconstruction property: Because the rows of 𝐀 are orthonormal vectors, it follows that 𝐀−𝟏= 𝐀𝑻,
and any vector X can be recovered from its corresponding 𝐲
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Reconstruction property (PCA)

Because the rows of 𝐀 are orthonormal vectors, it follows that 𝐀−𝟏= 𝐀𝑻, and any vector 𝐱 can be
recovered from its corresponding 𝐲
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𝐱 = 𝐀𝑻𝐲 − 𝐦𝐱

But, suppose that, instead of using all the eigenvectors of 𝐂𝐱, we form a matrix 𝐀𝑘 from k largest
eigenvectors corresponding to the k largest eigenvalues, yielding a transformation matrix of order
𝑘 ×𝑛. The 𝐲 vectors would then be exact

ො𝐱 = 𝐀𝒌
𝑻 𝐲 − 𝐦𝐱

𝑒𝑚𝑠=σ𝑗=1
𝑛 𝜆𝑗 − σ𝑗=1

𝑘 𝜆𝑗= σ𝑗=𝑘+1
𝑛 𝜆𝑗

Then the mean square error between 𝐱 and ො𝐱 is given by the expression



PCA matlab code (1)
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PCA matlab code (2)
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PCA example:1
6 Multispectral images
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𝐱 =

x1

x2

⋮
x𝑛



PCA example
Principal components:
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𝐲 = 𝐀(𝐱 − 𝐦𝐱)
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Thanks for your attention!
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