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Abstract

Phase retrieval is a challenging inverse problem where amplitude and phase are
estimated from diffracted intensities, with applications ranging from microscopy
to astronomy. Current computational imaging techniques employ random com-
plementary coded apertures to recover complex optical fields, but require at
least 20 masks for effective reconstruction, limiting real-time applications. We
propose a novel approach using eight binary Hadamard complementary coded
apertures designed to minimize the condition number, thereby ensuring a well-
conditioned inverse problem. Our method significantly reduces acquisition time
while enhancing reconstruction quality. Using the Fresnel propagation regime
and the hybrid input-output algorithm, we validate our approach through ex-
tensive simulations with 23 Kodak dataset images across various noise levels.
Results demonstrate that our Hadamard approach outperforms conventional
random coded methods in reducing the required number of masks. Further-
more, experimental results confirm our technique successfully recovers both
simple phase objects like lenses and complex arbitrary phases displayed on spa-
tial light modulators, achieving superior visual quality measured by naturalness
image quality evaluation metrics compared to conventional patterns.

Keywords: Phase retrieval, coded illumination, complementary
Hadamard-coded aperture, Fienup hybrid input-output (HIO) algorithm,
condition number.

1. Introduction

The development of phase retrieval (PR) began with the classic Gerchberg-
Saxton algorithm, proposed in 1972, which established the fundamental relation-
ship between imaging and diffraction planes using Fourier transforms [I]. Fienup
[2] advanced this work in 1978 by incorporating an iterative update function and
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implementing spatial domain constraints, such as non-negativity and support
constraints. These constraints effectively restricted the solution space by enforc-
ing physical conditions that the reconstructed object must satisfy, enabling more
reliable convergence. Fienup’s approach gained wide adoption, particularly in
X-ray crystallography [3H5]|, where it provided crucial insights into molecular
and crystalline structures. Subsequently, these techniques expanded beyond
X-ray applications [6] into various laser-based investigations, though predomi-
nantly remained constrained to far-field (Fraunhofer) diffraction scenarios [7} [§],
limiting their applicability in near-field imaging problems.

In 2011, Candés, Strohmer, and Voroninski introduced the PhaseLift al-
gorithm, which can resolve phase retrieval problems by leveraging diffraction
patterns under both Fresnel and Fraunhofer conditions (near and far fields)
through matrix completion [9] [I0]. One of the primary strategies for enhancing
phase retrieval performance is incorporating support constraints or, as proposed
in [II, 12], multiple constraints using a set of random complementary coded
apertures (RCCAs). These coded apertures are the most commonly used be-
cause they sample the object via a Bernoulli distribution, ensuring that each
pixel is sampled at least once when a sufficient number of apertures is em-
ployed [1I]. A comprehensive mathematical analysis of the advantages of coded
apertures (CAs) can be found in [I3]. Recently, this technique has been extended
in [I4], 15] to enhance efficiency and accelerate the recovery of complex fields,
where the overlap between the coded apertures is adjusted to values other than
50%, yielding better results compared to conventional random complementary
conditioning. However, random mask patterns tend to be ill-conditioned, as the
generated diffraction patterns often contain redundancies, reducing the avail-
ability of new information in iterative reconstructions. This limitation presents
a key challenge in phase retrieval: minimizing the number of iterations required
for accurate complex wavefront reconstruction, which is crucial for real-time
sensing applications.

Coded diffraction illumination recovers the phase information of an object
by analyzing the Fourier transform of a diffraction intensity image, enhancing
information content through probe beam size reduction and oversampling of the
speckle pattern. This strategically increased data redundancy helps prevent am-
biguous or underdetermined reconstructions. Despite its advantages—such as
robustness to noise and low-complexity reconstruction algorithms [I6HI8]—one
significant limitation is the inherent restriction in field of view [I7]. The tech-
nique of coded illumination addresses this issue by modulating the incoming field
with multiple coded apertures [I8], thus overcoming the trade-off between noise
robustness and computational complexity. This approach provides particular
advantages in techniques such as ptychography [16]. As a practical example,
lensless imaging systems utilizing coded illumination have employed three bi-
nary intensity masks in the far-field propagation regime [I7].

Extending coded illumination imaging to the near field presents two key
challenges for phase retrieval applications. First, using binary random coded
apertures generates significant redundancy, requiring a large number of aper-
tures to recover the complex field. While non-binary masks could theoretically



60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

Figure 1: Schematic representation of the coded illumination system for compressive phase
retrieval. A coherent wavefront from the complex object O is modulated by the M coded
aperture Ay, propagates a distance z in free space, and produces the intensity measurement
Y, according to Eq. @ This measurement contains phaseless information that is used in the
phase retrieval algorithm.

reduce this redundancy, practical implementation considerations favor binary
approaches—digital micromirror devices can achieve switching speeds up to 22
kHz, whereas liquid crystal on silicon (LCoS) modulators operate 2-3 orders of
magnitude slower. Second, the iterative nature of phase retrieval algorithms
imposes time constraints on reconstructions, making it impractical for real-time
complex-field wavefront sensing applications. This computational latency ren-
ders the technique unsuitable for adaptive optics, where wavefront correction
must occur at frequencies on the order of 1 kHz.

In 2008, Hadamard matrices [19] were applied for the first time in the con-
text of compressed sensing for single-pixel imaging |20, 2I]. Building on this
mathematical foundation, we propose a novel set of coded apertures based on
the Hadamard complementary type, which enables faster, more accurate, and
reliable reconstructions compared to random complementary coded apertures.
Our methodology employs the hybrid input-output algorithm for phase retrieval,
combining elements of both Gerchberg-Saxton and Fienup’s approaches [2],
specifically applied to Fresnel propagators, as detailed in Sec. We demon-
strate our approach through both simulations and experiments conducted with
real data in Sec. [3] The paper concludes in Sec. [d] with a discussion of the
findings and suggestions for future research directions.

2. Coded illumination in the near-field

Figure [1] illustrates the coded illumination process. A collimated coherent
beam illuminates an object, producing an unknown complex wavefront O. This
wavefront is encoded by a set of coded apertures, denoted as A<, where *
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represented as A O, where  denotes the Hadamard product. After free-
space propagation over a distance 2z along the z axis, a diffraction pattern I-
reaches an image sensor. This can be mathematically expressed as

I-=P[ z]fA- Og; (1)

where 1-;0 2 C9%9 and A- 2 f0;199%9, with d d denoting the number
of pixels in the CA. The operator P[ z] represents the near-field propagator,
defined [22 23] by the convolution
ik z
U(u;v) = 7? Zeiﬁ(“”w) Uo: (2)

where U(U; V) is the field at the observation plane with coordinates (uU; V), and
Up is the field at the source plane with coordinates (X;y). Here, denotes the
wavelength of the source, and K =2 = is the wavenumber.

Therefore, the “*" coded measurement of the diffraction pattern, recorded at
the image sensor, is proportional to the absolute square of the complex wave-
front,

Ye=jlf+ (2R, (3)

where j J represents the element-wise modulus operator, and  is an additive
noise term in the real domain R4, Before explaining the nature of the mea-
surement, we can describe the complex object reconstruction as the optimization
problem:

f(O) =jiY- A-(00"M)jj; (4)

where Y- is the phaseless data, A« is the coded aperture and O is the complex
signal to be recovered [24]. To obtain a well-conditioned inversion problem, we
need to find a subset L of coded apertures A that minimizes the correlation
between the measurements Y-. Hadamard matrices are well known for gen-
erating maximal sets of pairwise independent random variables with uniform
measure [25]. Each element ( jj) 2 RN*N of a Hadamard matrix takes one of
two values, jj =1or 1, and the columns are orthogonal [26]. These proper-
ties are satisfied when N = 2M for some M. By mapping the entries f1; 1g to
f1;0g, a non-negative matrix is obtained [27], 28].

The proposed coded aperture set is constructed by selecting column vectors,

. 2 RN*L with © = 1;:::;L, from the Hadamard matrix, optimizing for the
lowest condition number. Given | =[ ; ]2 f0; 1gN*L we compute the
covariance matrix = | | and minimize its condition number (CN), which

is defined as

)=k K[| 7

where k k represents the l,-norm [29, [30]. This minimization criterion provides a
strategy for selecting columns that improve reconstruction quality, independent
of the recovery algorithm used [31].
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Figure 2: Selection of columns of the Hadamard matrix. (a) Hadamard matrix; chosen
column of the Hadamard matrix; (c) resulting Hadamard complementary CA after reshaping
the selected column.

(2) (> (c) (d) (e) (f)

Figure 3: Simulation results using 16 images from the Kodak dataset processed with Hadamard
complementary CAs. Each row displays: diffraction patterns from Fresnel propagation in (a)
and (d); recovered amplitude of the complex object in (b) and (e); and reconstructed phase
of the complex object in (c) and (f).

17 The resulting Ve%()ls < are reshaped into square binary matrices, C-« 2
us  TO; 1g'X', where | = N. These matrices are then scaled to match the dimen-
ms  sions of the coded apertures, A- 2 0;1g9%9. Figure [2| illustrates this process,
120 with the red line indicating the selected column from the Hadamard matrix.
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Figure 4: Image quality comparison using peak signal-to-noise ratio (PSNR) across three
aperture designs at SNRs ranging from 50 to 0 dB. Results show averaged performance across
23 Kodak dataset images using different aperture quantities: 16 apertures (50 iterations), 8
apertures (150 iterations), and 4 apertures (300 iterations). Subplot (a) displays amplitude
PSNR values; subplot (b) shows phase PSNR values.

3. Proof of concept: simulations & experiments

First, to demonstrate how selecting a subset of Hadamard complementary
coded apertures that minimizes the condition number increases inference speed
and reduces the number of masks required for successful reconstruction, we per-
form a series of simulations using 23 grayscale images from the Kodak dataset,
each with a spatial resolution of d  d where d = 384 [32].

We selected the Hadamard complementary CA set following the procedure
outlined in Sec. choosing eight optimal columns from a finite subset of
Hadamard matrices. This selection achieved a condition number of 9.053, out-
performing the random complementary set which had a CN of 9.096. By in-
cluding complementary apertures for both sets, we expanded to a total of 16
masks (see Fig. IEI, with N = 21° and d = 384). Table presents condition num-
ber comparisons for different numbers of masks (16 and 8) across three pattern



134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

types: random, random complementary, and Hadamard complementary coded
apertures—RCA, RCCA, and HCCA, respectively. The results confirm that
our approach consistently achieves lower condition numbers than state-of-the-
art methods.

Figure [3] shows simulations where noise is added to the compressive projec-
tions, with a signal-to-noise ratio (SNR) of 50 dB. The inputs to the hybrid
input-output phase retrieval algorithm are 16 coded measurements, Y-, and 16
coded apertures, A<, while the outputs of the reconstruction algorithm are the
amplitude and phase of the complex object. We simulate the discrete model
from Eq. using three aperture types: random with 50% transmittance, ran-
dom complementary as used in [12], and our proposed Hadamard complemen-
tary design. We measure spatial fidelity using peak signal-to-noise ratio.

To simulate more realistic conditions, we add noise to the compressive pro-
jections with SN levels of 50, 40, 30, 20, 10, and 0 dB. We compare our approach
against both random and random complementary designs with sets of 16, 8, and
4 coded apertures, running 50, 150, and 300 algorithm iterations, respectively.
From a theoretical perspective, it has been established [I3] that at least two
pairs of complementary masks (four masks total) are necessary to guarantee
successful phase retrieval in binary coded illumination, making our results with
4 CAs particularly significant. Figure [f] summarizes the results across different
mask types and quantities, demonstrating that our approach outperforms the
conventional random complementary approach under various noise levels.

To evaluate the performance of our Hadamard complementary CA design
under real-world conditions, we implemented an experimental setup for complex-
field wavefront sensing, as shown in Fig. [5] This setup employs a pigtailed laser
diode (= 642 nm, 20 mW) collimated to produce a 2 cm diameter beam using
a lens (L1, f =500 mm). A linear polarizer and a half-wave plate between the
laser source and collimator adjust the polarization orientation. The collimated
beam is sized to match the spatial light modulator (SLM, 1920 1080 px,
Jasper Display Corp.) placed behind a beam splitter. Mirror arrangements
create a controllable wavefront phase via the SLM. The modulated beam travels
through a 4f-system to the digital micromirror device (DMD, ViIALUX V-7001
VI, 1024 768 resolution, 13:67 13:67 m? pixel size), which encodes the
incoming beam with the predefined coded aperture. After encoding, the beam
reflects into an inverted telescope (M = 1:5). A field stop between lenses L4
and L5 filters out all but the zeroth diffraction order, aligning the pixel sizes of
the DMD and the CMOS sensor. Finally, the beam passes through an unknown
complex object, propagates freely over a distance of z = 100 mm, and reaches
the sensor.

Table 1: Comparison of the condition number against the number of coded apertures for the
three patterns RCA, RCCA, and HCCA.

[ Type of coded aperture |
| Number of Masks RCA RCCA  HCCA |
l
l

I
I

16 [[ 9.1041 9.0965  9.0537 |
[[ 5.0229 5.0295  4.9304 |
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Figure 5: Optical system for phase retrieval using CAs: schematic layout (top) and physical
implementation (bottom) It is composed of: a laser light source (a) of = 642 nm propa-
gating through different optical components as a linear polarizer (b); a half-waveplate (d); a
collimator lens (L1); field stops (c), (e) and (1); mirrors (f), (i) and (j); a beam splitter (g);
an SLM-LCoS (h); a 4f-system composed of lenses (L2) and (L3); an SLM-DMD (k); a 1:5x
telescope system composed of lenses (L4) and (L5); a testing object (m) placed in a plane
conjugated with the LCoS and DMD devices; and finally through a CMOS camera (n).

We synchronized the high-speed camera (Phantom v611, 12-bit, 20 m pixel
size) with the DMD in a master-slave configuration, selecting a 384 384 pixel
region to match our coded aperture dimensions. These apertures use binary
masks where values of 0 or 1 correspond to micro-mirror tilts of +12° or 12° on
the DMD, with 1s reflecting light and Os blocking it. Due to the diagonal tilt axis
alignment, we rotated both the DMD and camera 45° around the propagation
axis. Additionally, we tilted the normal axis of the DMD by 24° relative to the
original optical axis to modulate the incoming field into the camera.

Based on our simulation results, Fig.[d] we conducted experiments using only
random and Hadamard aperture designs. We loaded each set of L apertures
into the DMD memory and captured corresponding measurements Y« for each
aperture pattern A- at a rate of 1 kHz. For experimental tests, we employed the
same amplitude masks (Hadamard complementary and random complementary)
used in our simulations, positioning them in the conjugate plane to replicate
realistic imaging conditions.

Our reconstructions were performed with both complete aperture sets and
reduced sets of only eight apertures. With complete sets, we conducted 100
iterations to reconstruct the complex objects. The random complementary ap-
proach yielded incomplete amplitude recovery with noticeable darker regions
compared to the Hadamard complementary results. The phase reconstruction
also exhibited significant errors, particularly in central regions that correlated
with amplitude defects, Fig. [7] The Hadamard approach demonstrated faster






	Introduction
	Coded illumination in the near-field
	Proof of concept: simulations & experiments
	Conclusions

